COMMENTS

On sequences of temporary equilibrium

John O. Ledyard™

Cl1.1.1. Discussion

The papers by Green and Stigum, appearances notwithstanding, are
complementary. They are also important contributions to the theory of
temporary equilibrium; a theory of market systems in which the markcis
for trading commodities may be open each day. This model thus con-
stitutes a generalization of the Arrow—Debreu model. In modeling such
an economy, several issues must be faced immediately. One is the
possibility that, at some date, the equilibrium price in certain markety
may be different from what it was in the past. For example, the pnw
paid today for delivery of goods in 1980 may be different from the
price paid three days ago for the same delivery contract. Once tha
possibility is introduced into the model, it is necessary to introdue
expectations (usually on prices) about the future possitilities for trud
on the (currently) closed markets. Finally, once such expectations afc
introduced, speculation becomes not only possible but potentialiy
profitable. Thus, individuals may contract to deliver commoditics at
some future date which they currently do not own (i.., they sell short,.
under the expectation that they can buy up the appropriate amount ot
some day prior to the date delivery is to be made. Such behavior can
lead to an inability to deliver if prices are not as expected, thus causiny
bankruptcy as a result of past behavior. Bankruptcy in turn may operalc
to insure that no temporary equilibrium exists, thus exposing a busi.
deficiency in the model.

Green and Stigum approach these problems in different ways. This
can be more clearly seen if we initially consider a result of Arrow and
Hahn (1, theorem 7, p. 121). They show that, under acceptable assump-
tions, a compensated temporary equilibrium exists even if bankruptcy
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i ullowed. In general, this compensated equilibrium will not be a market
cquilibrium; however, it is true that there is a redistribution of initial
endowments such that the compensated equilibrium will be a market
equilibrium after the rediswribution. Although Stigum’s paper does more,
one of his results provides conditions on preferences and expectations
such that the compensated equilibrium is a market equilibrium, withowt
a redistribution of endowments. Green, on the other hand, accepts that
1 redistribution is likely to be necessary and provides a set of institutional
rules which will accomphish this.

The contribution of eiach paper is now evident. From Stigum’s work
it is obvious that the sulficient conditions required 1o insure that a
sequence of temporary equilibria exists without any consumer becoming
bunkrupt (what he callsa feasible tree structure of temporary equilibria),
in economies with only markets for current goods and sccurities, are so
strong that any possibility that reality is encompassed .is effectively
climinated. Thus, Stigum’s puper contains the motivation for Green's
work. That is, if bankruptcy is as likely a possibility as Stigum’s paper
indicates, methods for dealing with it must be developed. Green, in his
potentially seminal paper, provides us with one possibility.

Each paper is important; however, each has certain weaknesses. 1t is
clear that each author ignorced these in order to concentrate on what
he considered to be the important issues. Thus my reason for discussing
these points is not to be critical of the authors but to indicate the desir-
ability of certain future work. Tt seems to me that the description of the
behavior of equilibria in the presence of inactive markets is one of the
main contributions of the theory of temporary equilibrium. Stigum’s
paper requires all commodity futures markets to be inactive: Green's
requires none o be inactive. Each paper suffers a little from these
extreme positions. Green's assumption implies that if there is no bank-
ruptcy currently and il consumers expect with certainty that today's
(relative) futures prices will be tomorrows’ current prices, then expec-
tations will be fulfilled and no bankruptcies will occur in the future.
Anothe; problem is that if some futures markets did not exist then the
concept of the present value of wealth (defined at current prices) which
he uses as a standard of bankruptcy is not defined. Personally I do not
think this detracts from his major insights; however, it would be nice
to see what happens in a world without complete lutures markets.
Stigum’s assumption (that no commodity futures markets are active) is
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restrictive in a different sense. In particular it implys that all debt is paic
off in *dollars (the unit of account). This immediately makes the price
level (as opposed to relative prices) important. For example, normal:-
zation of first period prices is legitimate only if ¥*(eg,), the dollar amount
of securities maturing at time 0 held by consumer &, equals zero for all A
Otherwise, since commodity endowments are positive, the price level
in period 1 could be set high enough such that all debt can be pud
(For additional comments on the role of the price level in a ‘monetary’
economy see Arrow and Hahn [1, pp. 347-369].) Thus assumption I of
Stigum that V(ey,) = O is crucial and effectively eliminates the possibility
of a past — precisely the phenomena Green introduces in his modcl
In Green’s paper all debt is owed in commodities and, therefore, he docs
not have to face this problem. Clearly, more research is needed belure
the precise relationship between and impact of alternative debt forms
(money, securities, or commodities) is understood.

Perhaps the most troubling aspect of Green’s analysis is that he b
only able to show the existence of an approximate equilibrium. This
results from the fact that, because of the institutional arrangements to
handle bankruptcy, demand correspondences can be non-convex. It 1
tempting to ask whether it is possible to revise the institutional rules fur
redistributing endowments in response to bankruptcies in a way which
rescues the convexity of the consumers’ demand correspondences. Since
several of the disagreements between Green and Stigum must be resolved
in such a revision, it is of interest to explore some possibilities.

The main disagreement arises over the definition of bankruptcy. Green
defines a consumer to be bankrupt at the prices p if his net present
value of wealth (both endowments and contracts) is negative when
valued at today’s current and future prices. Stigum defines a consumer
to be bankrupt if he is unable to find someone who is willing to re-
finance his currently expiring contractual debts. Let us be a bit more
precise. Let 'w = (W, W, 41, ...) be the consumer’s current and future
endowments at t. Let ‘"'e = (*"'e, ...) be the consumer’s current and
future contracted commitments at date . (~'ey > 0 means he holds.
at ¢, contracts for commodity k to be delivered to him at t.) Given ‘n,
1=1¢ and prices ‘p, the consumer must choose at ¢t a vector of trades
(current and futures contracts) ‘b such that

‘p-'b <0, for all ¢. (CiL
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(Note: if some markets are inactive then the appropriate entries in 'b
must equal zero.) Having signed these contracts the consumer consumes,
at 1, x, = w, + ' 'e,+ 'b and has remaining contracts of ‘¢ where
o, =""te, + ‘b, for T =1 He is constrained to choose (for survival
feasons)

20 forallt (C11.2)

Green’s definition of bankruptcy can be seen by rewriting (C1L.1) as
fullows:

ll).lxslp."v_{._‘p-'—le (Cll3)

where “x is his planned current and future consumption. A consumer is
then bankrupt if there is no consumption plan which satisfies (C11.2)
and (C11.3) simultancously. This occurs if and only if the net present
value of wealth, 'p-‘w + ‘p-*"'e < 0. This view is certainly consistent
with the approach of Debreu [2], where 0¢ = 0 and 'x, = *x, for all
1 2 1. ‘Note: if some markets are inactive, it is not clear what “expected’
prices should be used Lo evaluate ‘w. For our purposcs, however, this
is a si¢ = issue.)

Stig“m’s definition of bankruptcy can be seen by rewriting (C11.1)
as follows:

‘potx 4 P B < v +'p e (C11.4)

where ‘p = ('p,, 'p) and 'b = (‘b,, 'h). A consumer is then bankrupt if
there is no consumption vector ‘x, satislying (C11.2) and a trade b
which can be completed in equilibrium such that (Cl 1.4) holds. This view
s consistent with that of Debreu [3] where ‘w <0 is possible in a
limited way which ensures no bankruptcy of this type. However appeal-
ing this view might be as a representation of reality, 1 find it less com-
pelling as a concept of bankruptcy in a tatonnement system since it is
not independent of the existence of equilibrium. That is, it statcs an
individual is bankrupt if there is no equilibrium such that he is not
bunkrupt. This seems particularly circular to me.

Another extreme view would be that a consumer is bankrupt if the
value of currently maturing obligations 'p, - w, + 'p,*" te, < 0. That is,
he is given no opportunity to refinance his debt.

We thus have at least three possible views of bunkruptcy from which
to choose (Green's is an intermediate case). The only reason the choice
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must be made is that both Green’s and Stigum’s institutional rules force
a consumer to declare bankruptcy if and only if he is bankrupt according
to their’criterion. A possible way out of this dilemma is to allow the
consumer to choose the extent of his default as a decision variable
That is, we allow default plans just as we allow consumption plans.
This would be more consistent with the idea of an informationally
decentralized market system. Let me try to indicate how this might
work, using Green’s notations and concepts.

Instead of relying on Green’s institutional default rule, dip,r) -
min {3 = 0| p(w + re, + (1 — d)e_) = 0}, we allow each consumer, 4,
1o choose d' e [0,1] given prices p and returns ratios r. Once each con-
sumer has done so, new returns ratios are computed, as in Green, and
prices are adjusted. Then new demands and default ratios are computed,
etc. The only question is by what criterion does a consumer select a J'!
Clearly if there is no penalty connected with d' > 0, and if preferences
are monotonic then he would always maximize utility by choosing
d' = 1. That is, he would always desire to default on all commitments.
On the other hand, if the penalty is severe (as, for example, in Green
where d' > 0 implies ‘x, = 0 for all t), he might never desire to defauli
unless forced to do so.

The first problem, the consumer always defaults, is inherent in any
model where contracts are not strictly enforced. It is basically a problem
of public goods (more precisely, bads) and involves an element of social
trust. In this sense contracts are like money in that money won't be
held (contracts won’t be signed) unless there is some faith that it cun
be exchanged (that they will be carried out). Rather than sort thi
problem out, it is easier to assume that defaulted contracts carry some
disutility (because of, say, social norms) to the defaulter. In particular
we can let (as in Green) the utility function of a consumer be u(x,, y,,
X3, ¥2. .. .) where x, is consumption at t and y, = d,'p- ‘" 'e_ is the dollar
value of defaulted contracts at date t.

The second problem, that d might always be chosen to be 0, 1s not as
easily solved. 1t is a problem because each consumer, given the price ‘p,
can always plan a trade ‘b which would refinance all his debt. However.
there may be no price such that these plans add up (across consumers
to zero in which case there is no equilibrium. If ¢ is the final decision
period, the problem disappears since the consumer must choose d and
'b such that x, = 0. It is easily shown that if the present value of wealth
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i» negative then d must be chosen to be greater than zero. For decision
periods prior to the final period, one must introduce enough assumptions
on expectations und utility to insure that the consumer does not expect
1o be able to refinance all of a large current debt. (Green does this
through his assumptions on u and ¥'.)

An obvious objection to this model is that default does not require
a declaration of bankrupicy (i.e. one need not even purtially pay one’s
creditors except through the economy wide returns ratios). This is also
a feature of Stigum’s model in which default is paid for by everyone.
Green cn the other hand extracts the ultimate penalty even if the con-
sumer ¢ 2faults on only «*,, of his contracts. Again a middle road might
help re:stablish convexity of Green's demand correspondence while
forcing the defaulter to bear more of the burden of his actions. One
possibility is to require that some percentage of defaulted contracts be
covered by the consumer’s own assets. Remembering thit dis the per-
centage defaulted on, let (d) be the institutionally predetermined per-
centage of assets required to cover default. Then, a consumer’s budget
constraint would be: px < (1 — d)pe- + (1 — tld))(pre, + pw). In order
for a consumer to be able 1o always attain a non-negative wealth position
we would need (d) < d. If «(d) is continuous and convex in d then
demand correspondences should be well behaved. That is, under
assumptions similar 1o Green's, demands and defuult ratios should be
upper-semi continuous, convex, non-empty correspondences of prices
and returns ratios. If the formula for computing the returns ratio is then
suitably adjusted, one should be able to establish the existence of
temporary equilibrium. This remains to be shown.

I have concentrated on the aspects of each paper dealing with the
question of existence. However, once existence is established, it is inter-
esting to inquire about its optimality properties. Stigum’s paper 1s one
of the few to do this for cconomies with sequences of temporary equilibria.
His recults (embodicd in theorems 11.3 and 11.4 and some counter-
examp'ss) descrve cmphasizing. Briefly, he shows that, in general,
a partisular sequence of temporary cquilibria is not Pareto-optimal
¢X post.

However, he does provide, without proof, very restrictive conditions
such that ex post Pareto optimality does obtain. He also demonstrates
that there exists a set of expectations and a redistribution of first-period
purchasing power such that any ex post Pareto-optimal allocation can
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be supported by a sequence of temporary equilibria. That is, optima ar¢
equilibria (given a redistribution of endowments and specific expecta-
tions) but equilibria may not be optima except in fortuitous circum-
stances. Finally, he indicates (in theorem 11.4) that each temporury
equilibrium plan is ex ante Parcto-optimal given the expectations of
consumers. Thus, he has illuminated the complex relationship between
sequences of temporary equilibria, ex ante Pareto-optimal plans, ex posi
Parcto-optimal allocations, and price expectations.

In summary, | consider both of these papers to be excellent contni-
butions to our knowledge about the performance of market economies
in which temporal sequences of markets exist. Stigum’s work establishes
that in general, ‘a price mechanism confined mainly to current markets
for current goods is likely to go astray’. (This is a view attributed 10
Keynes by Arrow and Hahn [1, p. 347}) Green’s work initiates the
important task of revising the usual rules of market behavior to allow
sequences of temporary equilibria to proceed in an orderly fashion.
Clearly this work has just begun.
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